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Abstract 

We study the regularity of the Green currents and of the equiUbrium 
measure associated to a horizontal- hke map in C'^, under a natural as- 
sumption on the dynamical degrees. We estimate the speed of convergence 
towards the Green currents, the decay of correlations for the equilibrium 
measure and the Lyapounov exponents. We show in particular that the 
equilibrium measure is hyperbolic. We also show that the Green currents 
are the unique invariant vertical and horizontal positive closed currents. 
The results apply, in particular, to Henon-like maps, to regular polynomial 
automorphisms of C'^ and to their small pertubations. 
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1 Introduction 



The abstract theory of non-uniformly hyperbolic systems is well-developed, see 
e.g. Katok and Hasselblatt [28], Pesin [32j, L.-S. Young [38]. It is however 
difficult to show that a concrete example is a non-uniformly hyperbolic system. 
The main questions are to construct a measure of maximal entropy, to study 
the decay of correlations and to show that the Lyapounov exponents do not 
vanish. Such problems have been studied in dimension 2 for real Henon maps by 
Benedicks-Carleson, L.-S. Young, Viana etc., see e.g. [3ll31|39]. In this paper we 
consider these questions for holomorphic horizontal-like maps in C*^ using tools 
from complex analysis: positive closed currents, estimates for solutions of the dd'^- 
equation and appropriate spaces of test forms. The complex analytic methods 
permit to avoid the delicate arguments used in the real setting. 
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In [13] the first and the third authors studied the dynamics of polynomial- 
hke maps in several complex variables using adapted spaces of test functions. 
This approach permits to study convergence problems, in particular, the decay 
of correlations for the measure of maximal entropy. Recall that a polynomial-like 
map is a proper holomorphic map f : U —>■ V between convex open sets U V 
(or more generally pseudoconvex open sets) in C'^. Such a map is somehow 
"expanding", but it has in general a non-empty critical set; so, it is not uniformly 
hyperbolic in the dynamical sense, see [28]. It is shown in that the measure 
of maximal entropy is hyperbolic if the topological degree is strictly larger than 
the other dynamical degrees. This condition is natural and is stable under small 
pertubations on the map. Holomorphic endomorphisms of P'^ can be lifted to 
polynomial-like maps in some open sets of C'^"'^^. So, their dynamical study is a 
special case of polynomial-like maps. Small transcendental pertubations of such 
maps provide large families of examples. 

Here, we consider the quantitative aspects of the dynamics of horizontal- like 
maps / in any dimension, inside a product of convex open sets D = M x N 
in X C'^^*'. They are basically holomorphic maps which are somehow "ex- 
panding" in p directions (horizontal directions) and "contracting" in the other 
k — p directions (vertical directions), see Section[3]for the precise definition. They 
partially look like a horseshoe. But, the expansion and contraction are of global 
nature, and in general, these maps are not uniformly hyperbolic. Small pertuba- 
tions of horizontal-like maps are horizontal-like provided that we shrink slightly 
the domain of definition. When p = k we obtain polynomial-like maps. 

Henon maps in were studied by Bedford-Lyubich-Smillie [2j with the equi- 
librium measure introduced by the third author of the present article, see also 
|22] . The case of horizontal-like maps in dimension 2, i.e. k = 2 and p = 1, 
has been studied by Dujardin with emphasis on biholomorphic maps (Henon- like 
maps) |20] and was developed by Dujardin, the first and the third authors to 
deal with random iteration of meromorphic horizontal-like maps [12]. It turns 
out that horizontal- like maps are the building blocks for polynomial maps of 
"saddle type". In particular, they were used to study rates of escape to infinity 
for polynomial mappings in C^. The randomness comes from the indeterminacy 
points at infinity, see also [37] . 

In this paper, we continue our study in the higher dimensional case. In order 
to simplify the notation, we only consider invertible maps. However, a large 
part of our study can be extended to the general case. Some basic objects and the 
first properties for such maps (Green currents T±, equilibrium measure /i, entropy, 
mixing, etc) were constructed and established in [TT]. The Green current T+ is 
positive closed of bidegree {p,p), invariant under /* and is vertical: its support 
does not intersect the vertical boundary dM x N of D. The Green current T_ is 
positive closed of bidegree {k — p, k—p), invariant under and is horizontal. The 
equilibrium measure fi is an invariant probability measure which is equal to the 
wedge-product T+ A T_ of the Green currents. The definition of wedge-product 
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relies on an intersection theory for positive closed currents. 

The main technical problem is the use of currents of bidegree {p,p), p > 1. 
For that purpose, a geometry on the space of positive closed (p, p)-currents was 
introduced using as basic objects: structural discs of currents. Roughly speaking, 
in order to travel from a positive closed current Ri of bidimension [k — p, k — p) to 
another one i?2; we construct a family of currents parametrized by a holomorphic 
disc A C C. These currents appear as the slices of a positive closed current M of 
bidimension (/c — p + 1, — p + 1) in A x the currents Ri and R2 are seen as 
two points of the disc, i.e. two currents obtained by slicing with {6*1} x D and 
{^^2} X D for some ^1, 62 in A. We use properties of subharmonic functions on 
those structural discs in order to define the wedge-product of currents of higher 
bidegree and in order to prove the convergence results in the construction of T± 
and yU. More formally as in we use super-functions, i.e. functions defined on 
horizontal currents which are p.s.h. on structural discs of currents. 

In the present article, we study the quantitative properties of these basic 
dynamical objects. For a horizontal- like map /, one associates a main dynamical 
degree d > 2 which is an integer. The topological entropy of / and the entropy 
of /i are equal to log d. We will define the other dynamical degrees df in Section 
[HI One of our main results is the following. 

Theorem 1.1. Let f be an invertible horizontal-like map on a convex domain 
D = M X N in CP X C^'P . Assume that the main dynamical degree d of f is 
strictly larger than the other dynamical degrees. Then the Green currents T+ and 
T_ of f are the unique, up to a multiplicative constant, invariant vertical and 
horizontal positive closed currents of bidegrees {p,p) and {k — p, k — p) respec- 
tively. The equilibrium measure fi of f is exponentially mixing and is hyperbolic. 
More precisely, /i admits k—p strictly negative and p strictly positive Lyapounov 
exponents. 

We study the speed of convergence towards the Green currents T± and the 
equilibrium measure /i, and also the regularity of these objects. The regularity 
is studied by considering on which space of forms or functions the currents or 
measures act continuously. We show in particular that fi is PB, that is, plurisub- 
harmonic functions (p.s.h. for short) are /x-integrable. The main tools here are es- 
timates and localization of the support for good solutions of the (id'^-equation. We 
obtain these estimates through integral formulas (a classical result by Andreotti- 
Grauert is crucial here). They permit to apply the rfrf^-method and the duality 
method as in [131 [151 [ISl HTj. The speed of convergence towards the Green cur- 
rents is a basic ingredient in the proof of the decay of correlations for fi. 

For Henon like-maps {k = 2, p = 1), the hypothesis on the dynamical degrees 
is always satisfied. Theorem ll.il except for the decay of correlations (exponential 
mixing), was proved in [20j. The decay of correlations for Holder observables and 
for Henon maps was investigated by the first author in [TT] . The hyperbolicity of 



3 



the equilibrium measure is considered in a very general context for meromorpliic 
maps on compact Kaliler manifolds by de Thelin [9]. We follow his method. 

We end this introduction by giving another large family of examples. Consider 
a polynomial automorphism / of C'^. We still denote by / its meromorphic 
extension to P'^'. When the indeterminacy sets J+ and /_ of / and in the 
hyperplane at infinity L^o are non-empty and have no intersection, we say that 
/ is regular. Then there is an integer p such that dim/+ = k — p — 1 and 
dim/_ = p — 1. We refer to [35] for the basic dynamical objects and properties of 
such maps, see also Section [6] below. Let z = {zi, . . . ,Zk) denote the coordinates in 

and denote [zq '■ ■ ■ ■ '■ Zk] the homogeneous coordinates of P'^'. The hyperplane 
at infinity L^:=¥''\C'' is given by the equation zq = 0. 

Corollary 1.2. Let f be a regular polynomial automorphism of . Assume that 
the indeterminacy sets of f and f~^ are linear and defined by 

1+ = {zo = zi = ■ ■ ■ = Zp = 0} and = {zq = Zp+i = ■■ ■ = Zk = 0}- 

Let Bf denote the ball of center and of radius R in . Then, if R is large 
enough, any holomorphic map on x B^_p, close enough to f , is horizontal-like. 
Moreover, its equilibrium measure is exponentially mixing and hyperbolic. 

Note that the above pertubation of / may be transcendental and that Corol- 
lary 11.21 produces large families of examples. 

Here is a brief outline of the paper. In Section [2], the main tools, in particular, 
several classes of currents and the solution of the rfd'^-equation, are introduced. 
In Section [31 we recall the dynamical objects associated to a horizontal-like map. 
Theorem 1 1.1 1 is proved in Sections [Hand [51 Corollary ll.2l is deduced from Theorem 
11.11 and from Proposition 16.11 in the last section. Also in the last section open 
questions are stated. 

Notation and convention. Throughout the paper, D := M x is a bounded 
convex domain in x C^^^. The estimates we obtain are valid in the interior 
of D and might be bad near the boundary, but this is harmless for the type of 
maps we consider. So, we sometimes reduce D slightly in order to have maps and 
currents defined in a neighbourhood of D; this simplifies the exposition. We will 
also choose strictly convex domains with smooth boundary M" d M' d M and 
N" ^ N' (£ N and consider the domains D' := M' x N' and D" := M" x N" . 
When we consider vertical currents R or horizontal currents S", $, our choice is 
so that R is supported on M" x N and 5, $ are supported on M x N" . When 
we consider a horizontal-like map / on we assume that f^^{D) C M" x N 
and f{D) G M x N" . So, / restricted to D' or D" is horizontal-like. The convex 
domains M, M, iV, N are chosen so that M d M d M and d iV d TV. Note 
also that when we consider the convergence of a family of vertical or horizontal 
currents, we assume that they have support in the same vertical or horizontal set. 
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2 Currents and tifi^-equation 

In this section, we will introduce the tools used in this work. We will give some 
geometrical and analytical properties of several classes of currents. In particu- 
lar, we will define structural discs of currents and solve the c/rf^-equation with 
estimates and with controlled support. Recall that d!^ := ^{d — d). 

• Vertical, horizontal currents and their intersection. We call vertical 
(resp. horizontal) boundary of D the sets d^D := dMxN (resp. dhD := MxdN). 
A subset E' of D is vertical (resp. horizontal) if E does not intersect d^jD (resp. 
dhD). Let vTi and 712 denote the canonical projections of D onto M and A^. Then 
E is vertical or horizontal if and only if 7fi{E) d M or 'K2{E) N. A current on 
D is vertical or horizontals its support is vertical or horizontal. Let ^v{D) denote 
the cone of positive closed vertical currents of bidegree {p,p) on D. Consider a 
current R in ^t,(D). Since 112 is proper on supp(i?), (vr2)*(-R) is a positive closed 
current of bidegree (0,0) on A^. Hence, (7r2)*(-R) is given by a constant function 
on A^ that we denote by ||-R||i,. Convergence in '^„(-D) is the weak convergence of 
currents with support in a fixed vertical set. 

Recall from Theorem 2.1 in [17J that the slice measure {R,7T2,w) is defined 
for every w E N, and that its mass is equal to ||-R||t, which is independent of w. 
We say that ||-R||?; is the slice mass of R. For every smooth probability measure 
Q with compact support in A^, we have ||-R||i, := {R, (7r2)*(fi)). When ||-R||,; = 1 
we say that R is normalized. Let ^J(D) denote the set of such currents. This 
convex set is relatively compact in the cone of positive closed currents on D. In 
particular, the mass of normalized currents i? on a compact set of D is bounded 
uniformly on R. In order to avoid convergence problems on the boundary, we will 
also use the convex set (M x A^) of positive closed currents which are vertical 
in M X A^ with slice mass 1 for some neighbourhood A^ of A^. 

The slice mass || ■ \\h, the sets ^h{D), 'iol{D) and the convergence for horizontal 
currents of bidegree {k — p,k — p) are defined similarly. If i? is a current in 
'ifviD) and 5 is a current in ^/t(-D) we can define the intersection R A S. This 
is a positive measure of mass ||-R||^||S'||/i with support in supp(/2) fl supp(S'), see 
[T7]. It depends linearly on R and on 5* and is continuous with respect to the 
plurifine topology in the following sense. Let (Re) and [Sq') be structural discs in 
'^^{D) and ^^{D), see the definition below. Assume that supp(-R0) fl supp(S'6(') 
is contained in an open set Q (£ D. If is a p.s.h. function on a neighbourhood 
of f2, then {Rg A Sg', (f) is either a p.s.h. function of (6*, 9') or equal identically to 
—00, see Proposition 3.4 and Remark 3.8 in [T7]. Basically, for a suitable choice, 
with Ri = R, Si = S and Rg, Sgf smooth when 7^ 1, 7^ 1, we obtain R A S 
as the limit of Rg A Sg', Rg A S, R A Sg' for ^ 1 and 9' ^ 1. It is also shown 
in [T7j that for a p.s.h. function cp on D 

{RAS,ip) = limsup{R' A S',^) = lim sup {R' A S,ip) = Urn sup {R A S',(p), 

with R', S' smooth in 'iov{D), ^h{D) converging respectively to R and S. 
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• Structural discs of currents. Let X be a complex manifold. Consider a 
positive closed (p,p)-current ^ in X x D. We assume that the support of ^ is 
contained in X x M' x N for some open set M' d M. Let ir : X x D ^ X denote 
the canonical projection. It is shown in [17] that the slice {M,it,x) exists for 
every x e X. They can be considered as the intersection of with the current 
of integration on 7r~^(x). This is a positive closed (p, p)-current on {x} x D that 
we identify with a current on D which is vertical. When ^ is a smooth form, 
the slice R^ is simply the restriction of ^ to tt~^{x). The slice mass of R^ does 
not depend on x. So, multiplying ^ with a constant, we can assume that this 
mass is 1. We obtain a map r : X — '^J(-D) with r(x) := R^- In general, 
Rx does not depend continuously on x with respect to the usual topology on 
X. The dependence is continuous with respect to the plurifine topology, i.e. 
the coarsest topology for which p.s.h. functions on X are continuous. We call 
structural variety of ^J(D) the map r or the family (Rx)- This notion can be 
easily extended to ^J(M x N). 

Consider a vertical positive closed (p, p)-current R in '^^{M x N). So, R is 
a vertical current of slice mass 1 on M' x N for some convex open sets M' d 
M and N ^ N . Let A denote a small neighbourhood of the interval [0, 1] 
in C. We constructed in [17] a particular structural disc (-Re)6ieA in x N) 

parametrized by A such that Ri = R and Rq is independent of R. The current Rg 
is obtained as a regularization of R. More precisely, we consider some holomorphic 
family of linear endomorphisms ha,b,e : ^ parametrized by (a, b, 6) G 

X C^~^ X A with /?-a,f),i = id. The current Rg is obtained using a smooth 
probability measure u with compact support in x C'^^^: 



The convexity of M x X and the fact that R is defined on M' x N permit to 
define the smoothing and to obtain vertical currents Rg in '^^{M x N). The size 
of A depends only on M, M', X and X. The considered structural discs satisfy 
the following important properties. The currents Rg depend continuously on 6, 
linearly on R and are smooth for 6 1. The continuity is with respect to the weak 
topology on Rg and the usual topology on 9. Moreover, Rg depend continuously 
on 9 and on R with respect to the usual topology on 9 G A\{1}, the '^'^ topology 
on Rg and the weak topology on R. When R is smooth, the last property also 
holds for 9 e A. 

• PSH currents and p.s.h. functions. A real {k—p, — p)-horizontal current 
$ on is called PSH if dd""^ > C0. Let PSH,,(D) denote the set of horizontal PSH 
currents. It is endowed with the following topology. A sequence ($„) converges 

^In other situations, we often assume that <i> is of order or negative. This is necessary 
in particular when one defines the pull-back by a non-invertible map [iH]- Note that a p.s.h. 
function is defined everywhere but not a PSH current. 
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to $ in PSH/j(i5) if $,„ $ weakly and if $ri and $ have their supports in a 
fixed horizontal set of D. 

Recall that an upper semi-continuous function (p : D ^ {— cx)} is p.s.h. 
if it is not identically — oo and if its restriction to any holomorphic disc in D is 
subharmonic or equal to — oo. Let PSH(D) denote the cone of such functions. 
It is relatively compact in Lf^^(D) for 1 < p < +00. Note that an L}^^ function 
(j) : D —>■ 'RU {—00} is p.s.h. if it is strongly upper semi-continuous and if dd'^(j) 
is a positive closed current. The strong upper semi-continuity means 0(a) = 
limsup^^a 0(^) for a & D and z & A where A is any measurable subset of full 
measure in D. Denote by PSH(D) the cone of p.s.h. functions defined in a 
neighbourhood of D. 

• Extension of spaces of test forms and super-functions. Let i? be a 

current in 'io^{D). It acts on horizontal smooth forms of bidegree {k — p, k — p). 
We will extend this space of test forms. Let J^h{D) denote the space of real 
horizontal currents $ of bidegree [k — p, k — p) with dd'^^ = 0. We consider 
the following topology on Mh{D): a sequence converges to $ in Mh{D) if 
$„ — » $ weakly and have support in a fixed horizontal set. 

Proposition 2.1. The action of R can he extended in a unique way to a positive 
continuous linear form on Jifh{D). Moreover, (-R, $) ^ (R^^) with $ G J^h{D) 
is bilinear and continuous in {R, $). In particular, {R, $) is bounded on compact 
subsets of^^iD) x J^hiD). 

Proof. Observe that if $ is a current in J^h{D) we can use a slight dilation and a 
convolution in order to regularize So, there are smooth forms converging 
to $ in Mh{D). This implies the uniqueness, the linearity and the positivity of 
the extension. Recall that the positivity means (i?, $) > for $ > 0. We prove 
now the existence of the extension on J^h{D) and the continuity. 

Shrinking D allows to assume that R is defined on M' x with M' d M 
and N 3) N. Consider the structural disc (Rg) as above. Define h{9) := {Rg, $). 
As in [T71 Thm. 2.1], /i is a harmonic function on A \ {1}. If $ is smooth, 
the function is defined and is harmonic on A. Define hn{0) := {Rg,^n)- The 
above description of properties of Rg implies that hn converge locally uniformly 
to /i on A \ {1}. Since hn are harmonic on A and locally uniformly bounded, 
by maximum principle, the limit h can be extended to a harmonic function on 
A and hn converge to /i on A. Observe that the limit does not depend on the 
choice of 

We have {R, $) = h{l) when $ is smooth. Define {R, $) := h{l) the extension 
of R to all $ in J^h{D)- Recall that Rg, for 6^1, depends continuously on R with 
respect to the topology on Rg. Hence, h depends continuously on (-R, 
The continuity of {R, $) follows. □ 

We will extend to a linear form on PSII/i(D), but the extension can take 
the value —00. Recall that i? is a current on M' x A^. 
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Proposition 2.2. The limit (-R, $) := limsup(i?, $') with $' smooth converging 
to $ in PSH/i(M' X A^), defines an extension of R to PSH/,(D). The extension 
depends linearly on R, $. It takes values m R U {— cxd} and does not depend on 
the choice of M' and N. The function 9 h-^ $) is subharmonic on A and we 
have {R, $) = limsup(i?', $) with R! ^ R m "^^{M x N). 

Proof. We can assume that $ is supported on M x A^' and that R is vertical in 
M" X N. So, we can assume that the considered currents are horizontal on D. 
Consider first the case where $ is smooth. Let be a sequence of smooth forms 
converging to $ in PSH/,(D). Define h{9) := {Re,^) and /i„(6') := 
These functions are subharmonic and continuous on A, see pTTl Thm 2.1] (the 
subharmonicity is deduced from the positivity of dd'^{M A $„) and of its push- 
forward to A). We also have hn —>■ h on A \ {1} . It follows from the classical 
Hartogs' lemma [27J that limsup < h{l). So, limsup(i?, $') < (-R, $). 

On the other hand, since Rg is obtained from R by smoothing using an av- 
eraging on a group of linear transformations, a coordinate change implies that 
{Rq, $) = {R, ^0) where is obtained from $ by a similar smoothing. The fact 
that $ is defined on M x A^' guarantees that ^g is horizontal in D. We also have 
$0 — i> $ when ^ — i> 1 for the topology. Since h is continuous we deduce that 
(i?, $6») {R,^) when 9^1. So, (-R, $) = limsup(/2, $') when $ is smooth. 
In other words, (-R, $) := limsup(i?, defines an extension of R to all $ in 
PSIIft(Z}). It is clear that the extension does not depend on the choice of A^. 

For a general current there are smooth forms converging to $ in 
PSH/i(Z}). Define hn and h as above. The function h is defined on A \ {1}. 
The functions hn are continuous subharmonic, bounded from above and converge 
to /i on A \ {1}. It follows that h can be extended to a subharmonic function on 
A. By Hartogs' lemma, we have 

h{l) > limsup/i„(l) = hmsup(i?, $„). 

It follows that h{l) > {R, $) = limsup(i?, $'). 

On the other hand, since h is subharmonic, we have h{l) = limsup h{9) = 
limsup(i?, $5)) when 9^1. We deduce as above that h{l) = (-R, Since h 
depends linearly on R and $, {R, $) depends linearly on R and $. We also obtain 
that 9 (Rg, $) is subharmonic on A. 

It remains to prove that {R, $) = limsup(i?', $) with R' ^ Rin "^^{M x A^). 
This property implies that (i?, $) is independent of the choice of M' . Since 
(i?, $) = limsup(i?e, $) for ^ ^ 1, we have {R, $) < limsup(i?', $) with R! R. 
Now, if {R'q) is the structural disc associated to R' and if h'{9) := then 
h'{9) h{9) for 9 1. We deduce from Hartogs' lemma that h{l) > limsup h'{l) 
which implies that {R, $) > limsup(i?', $) and completes the proof. □ 

Remark 2.3. We can consider as a vertical current and $ as a horizontal one 
in appropriate domains D' (£ D and define {R, $) on D' instead of D. We will 
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obtain the same value. Indeed, in order to define (Rg) we can find smoothings 
which are adapted for both D and D', see [l7j for details. 

Remark 2.4. Let i? be a current in ^^{D), S in "^^{0) and a p.s.h. function 
on D. If is integrable with respect to the trace measure S /\uj'^ oi S then (pS 
defines a current in PSH/i(D). We deduce from the above results that 

{R A S,ip) = limsup(i?e /\ S,ip) = limsup(i?6», fS) = {R, fS). 

Definition 2.5. Let A : ^J(M x A^) ^ MU { — oo} be an upper semi-continuous 
function which is not identically — oo. We say that A is a p.s.h. super-function if 
it is p.s.h. or identically equal to — oo on each structural variety in '^^{M x A^), 
and A is pluriharmonic if both A and —A are p.s.h., see also [l9j. 

Proposition 2.6. Let ^ be a real horizontal {k — p, k — p)-current on D. If ^ 
is dd^- closed, then R {R, $) defines a pluriharmonic super-function. If $ is 
PSH, then R ^ {R, $) is a p.s.h. super- function. 

Proof. We only have to prove the second assertion. Consider a structural variety 
{Rx)x£X as above. Without loss of generality, we can assume that Rx are vertical 
in M' X A^ and $ is horizontal in M x A^', see Remark 12.31 We want to prove 
that X (— i> {Rx, $) is identically equal to — oo or p.s.h. If $ is smooth, this was 
proved in [T71 Lemma 2.2]. For the general case, we have 

{Rx, $) = limsup(/?^,9, $) = limsup(i?^, 

where {Rx,e) is the particular structural disc constructed as above using the same 
smoothing for each Rx- We deduce from the regularity of Rx,e that {Rx,e, ^) is 
locally uniformly bounded on {x,9) G X x (A \ {1}). Since 9 i-^ {Rx,^e) is 
p.s.h., it follows from the maximum principle that {Rx^e,^) is locally uniformly 
bounded from above on X x A. Hence, the upper semi-continuous regularization 
of X {Rx, $) is p.s.h. or identically — oo. It is enough to show that x i— > {Rx, 
is upper semi-continuous. 

For every a G X, we have limsup^.^„(i?a;, = {Ra, ^e) for 6' 7^ 1. Since the 
functions 9 {Rx, $6») are subharmonic, we deduce using Hartogs' lemma that 
limsup^^„(-R2:, $6») < {Ra, $6*) for every 9. This implies the result. □ 

• PB, PC currents and measures. Let T be a vertical current of bidegree 
{p,p) in ^t;{D). We say that T is PB if (T, $) is bounded when $ is in a rela- 
tively compact subset of PSH/i(D). We say that T is PC if it can be extended to 
a continuous linear form on PSH/i(D) with respect to the topology we have intro- 
duced. Observe that this extension coincides with the extension in Proposition 
12.21 PC currents are PB. PB and PC horizontal currents of bidegree {k —p, k —p) 
are defined in the same way. In the case of bidegree (1, 1), PB and PC currents 
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correspond to currents with bounded and continuous local potentials, see also 

A positive measure /i with compact support in D is said to be PB if (/i, (p) is 
bounded when are smooth functions in a relatively compact subset in PSH(Z}). 
Since p.s.h. functions on a neighbourhood of D can be approximated by de- 
creasing sequences of smooth ones, fi is PB if and only if p.s.h. functions on a 
neighbourhood of D are /i-integrable. PB measures have no mass on pluripolar 
sets, i.e. sets which are contained in the pole set {0 = —00} of a p.s.h. function 
0. The measure fi is said to be PC if it can be extended to a linear continuous 
form on PSH(D). Denote by (/i, 0) the value of this extension on 0. Note that by 
continuity the extension is unique and {fi, 0) is equal to the usual integral {fi, 0) 
of 0. Any PC measure is PB. 

• Solution of (ifi'^-equation. We consider the c/d'^-equation on D. We will 
need negative solutions with horizontal or vertical support and with estimates 
on the mass. The behavior near the rest of the boundary is not important in 
our study. The following theorem is obtained using classical results. Recall that 

Theorem 2.7. Let M' and M he convex domains in 'Cp such that M' d M . Let 
N' and N" he convex open sets in C^~^ such that N" d A^'. Let Q he a horizontal 
positive closed current of hidegree {k — p + l,k — p+1) on M x N" . Then there 
is a horizontal negative form $ of hidegree {k — p, k — p) on M' x A^' such that 

dd"^ = il on M' X N' and \\^\\m'xN' < c\\^\\mxN" 

with c > independent ofQ. Moreover, $ is defined hy an integral formula, and 
depends linearly and continuously on Q. 

In what follows, the solutions of d, d or dd^ equations are given by classical 
integral formulas. Consequently, the linearity, the continuous dependence on data 
and the estimate on the mass of solutions are satisfied. Therefore, we will focus 
our attention only on the support of the solutions. 

Lemma 2.8. Let D' and D he convex domains in <C^ with D' (£ D. Let Q he a 
positive closed current of hidegree {k— p+1, k— p + 1) on D. There is a negative 
form \E' of hidegree {k ~ p, k ~ p) on D' , smooth out of the support of Q, such 
that dd''^ = n on D'. 

Proof. We can assume that D is contained in the ball of center and of radius 
1/2. Define for coordinates (z,^) on x C'^ the kernel 

K{z,0 :=log||^-e||(rfrf^log|k-el|)'"'. 

Observe that K is negative when ||z|| < 1/2, ||^|| < 1/2, and dd'^K is equal to the 
current of integration on the diagonal of C*^ x C^. Let x be a cut-off function. 
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< X < 1, with compact support in D, such that x = 1 on a neighbourhood U 
of D . Define 

Hence, is a negative form depending continuously on Q. If z is outside the 
support of Q, then is given by an integration outside the singularities of K. 

So, \E''(2;) is smooth there. 

Let TTi and it2 denote the canonical projections of C*^ x C'^ on its factors. If 
Q is smooth we have 

Since Q is closed and ddf^K = [2; = ^], we deduce that Vt' := dd'^'^' — is equal 
on U to 

n' = j^dx{0^m^d'K{z,0- j^d''x{0^m^dK{z,0 

+ J^dd^xio^m^Kiz,o- 

The last formula is valid for arbitrary fl by regularization. So, Q' is defined by 
integration on {dxiO 7^ 0} where K{z,^) is smooth if 2; G f/. It follows that Q' 
is smooth. We also have good estimates on 't^^ norm of this form on compact 
subsets of U. 

Since Q' is closed and smooth, it is classical to obtain smooth solution of 
the equation dd^"^" = f2' with estimates (we first solve a ci-equation and then a 
9-equation, the method will be described below with details in a situation where 
more estimates are needed). One checks that dd'^'^ = Q for := ^' — v]/" — ajj^~P 
where uj := is the standard Kahler form on and c > is large enough 

in order to guarantee that \E' is negative on D' . □ 

Now, we need to control the support of the solution. We shrink slightly M 
and extend slightly A^". This allows to assume that VL is defined in M x F for 
some fixed compact set F in N" . Using the previous lemma, we can find ^ on 
M X N, smooth outside the support of Q such that dd'^'^ = Q. Let x be a cut-off 
function equal to 1 on a neighbourhood of M x F and equal to near M x dN" 
and on M X (A^ \ A^"). In particular, x = 1 on the support of Q and \E' is smooth 
on {dx 7^ 0}. Define $1 := x^ and Q' := dd'^^i — Q. This is a smooth horizontal 
closed form of bidegree {k — p+1, k — p + 1) with support in M x A^". Moreover, 
Q' vanishes near M x F and has a controlled norm. We will find a smooth 
positive solution of the equation dd'^^2 = ^' with horizontal support in M' x N'. 
The current $ := $1 — $2 satisfies Theorem 12. 7[ 

A construction using an integral formula as in the book [5, pp. 37-39 and 61- 
63] by Bott and Tu implies that there is a real smooth form which is horizontal 
in M X A^" such that d"^ = Q' (shrink M and extend A^" if necessary). Of course. 
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it satisfies the desired estimates in norms. Moreover, we can write \1/ = \1>'+\1>" 
with of bidegree {k — p, k — p + 1) and of bidegree {k — p + 1, k — p) such 
that ^" = 

Lemma 2.9. There is a smooth horizontal form $' on M' x A^', of bidegree 
{k - p,k - p), such that 9$' = ^' . 

Proof. Recall that we can, in each step of the proof, shrink or extend slightly the 
considered domains M, A^' or A^". This permits to avoid the problem near the 
boundary and to assume that they are strictly convex with smooth boundary. 
Since d"^ is of bidegree {k — p, k — p), we have = 0. So, using a classical 
integral formula (see, for example El]) we can find a smooth form $* of 
bidegree {k — p,k — p) on M x N such that d^* = Its support is not 
necessarily horizontal. So, we have (9$* = outside the support of 

We will apply a result of Andreotti-Grauert [26, p. 109] in order to solve the 
equation OH = $* on M' x (N\N") with H smooth of bidegree (k—p, k—p — 1). 
Let X be a cut-off function equal to on M' x A^" and 1 in a neighbourhood of 
M'x (A^\A^'). The form xH is defined on M'xN. It is clear that $' := ^*-d{xH) 
is horizontal in M' x A^' and satisfies d^' = which completes the proof. 

In order to apply the Andreotti-Grauert theorem, i.e. to solve the (9-equation 
for a 5-closed form of bidegree {l,k — s),s>p,m M' x (A^ \ A^ ) , we only have to 
prove that M' x (A^ \ A^ ) satisfies the right convexity property. More precisely, 
one should construct a smooth exhaustion function p on M' X (A^ \ A^ ) such 
that dd'^p has at every point p + 1 strictly positive eigenvalues. The domain is 
completely strictly p-convex in the terminology of f2E[ p. 65]. We need a much 
weaker result than Theorem 12.7 in |26j . 

Let pi be a smooth strictly convex function on A^ such that pi{z) oo when 
z ON and A^" = {pi < 1}. Since M' is strictly convex, we may find an 
unbounded exhaustion function po for which is smooth and strictly convex. 
Define 

p{z) := p,{z') + cp,{z") + K{p,{z")), z = {z\ z") eM'x{N\ n"). 

with K(t) := and c > large enough. The function p is an exhaustion function 

on M' X (A^\ A^ ). The p eigenvalues of dd'^p with respect the the variable z' are 
strictly positive. On the other hand, since 

idd{K o pi) = k' ■ iddpi + k" ■ id pi A dpi, 

and ti"{t) S> \i^'{t)\ as t — >• 1"*", dd^p admits, at every point, at least one strictly 
positive eigenvalue with respect to the variable z" . This completes the proof. □ 

End of the proof of Theorem 12.71 Define $" := -?7r(<l>' - $'). This is a real 
smooth horizontal form in M' x N' . We have 

dd^^" = dd{<^' - $') = 9^' + M' = rf^ = Q'. 
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The smooth form $" is not necessarily positive. We can assume that it has 
support in M' x F for some compact subset F of A^'. We now construct a 
horizontal closed form U on M' x N' of bidegree {k — p, k — p) which is strictly 
positive on M' x F. Then, the form $2 := + cU, with c > large enough, is 
positive and satisfies ddP^2 = 

For every point z & M x F there is a complex plane P of dimension p passing 
through z which does not intersect M x dN' . This plane defines by integration 
a positive closed {k — p, k — p)-current [P]. Using a convolution, we obtain by 
averaging on small pertubations of [P], a smooth positive closed form Uz which 
is horizontal in M' x N' and is strictly positive at z. By continuity, such a form 
is strictly positive in a neighbourhood of z. It is enough to take a finite sum of 
such forms in order to obtain a form U which is strictly positive on M x F. This 
completes the proof. □ 

Remark 2.10. If is a continuous form then ||$||<iri(M'xAf') < c||f2||<^o(A/xAr") 
with a constant c > independent of fl. Indeed, we are using a solution given 
by a "good" kernel. 



3 Horizontal-like maps 

In this section we introduce the class of horizontal-like maps, the main dynamical 
objects of our study, and we give some basic properties. 

• Horizontal-like maps and Julia sets. A horizontal- like map / on Z) is not 

necessarily defined on the whole domain D but only on a vertical subset f^^{D) 
of D. It takes values in a horizontal subset f{D) of D. Horizontal-like maps 
are defined by their graphs F as follows Let pr^^ and pr2 be the canonical 

projections of D x D on its factors. 

Definition 3.1. A horizontal-like map / on D is a holomorphic map with graph 
F such that 

1. F is a submanifold of D x D. 

2. pr^^jp is injective; pr2|r has finite fibers. 

3. F does not intersect dyD x D nor D x dhD. 

The last property is equivalent to the fact that the projections of F on the 
first factor M and the last factor N in D x D are relatively compact. The 
map / = pr2 o (pr^^jp)"^ is defined on f~^{D) := pT^(T) and its image is equal 
to f{D) := pr2(F). There exist open sets M' d M and N' N such that 
f'\D) C := M' X N and f{D) C := M x N'. We have T C x Dh- 
This property characterizes horizontal-like maps and we often use it in order to 
check that a map is horizontal- like. Since F is a submanifold of D x D, when z 
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tends to df-\D) f] D, f{z) tends to d^D. When z tends to df{D) f] D, f-\z) 
tends to dhD. So, the vertical part of df^^{D) is sent into the vertical part of 
df{D). If g is another horizontal-like map on D, f o g is also a horizontal- like 
map. When p = k, we obtain the polynomial-like maps studied in [13j . 

If pr2|r is injective, we say that / is invertible. In this case, up to a coordinate 
change (an exchange of horizontal and vertical directions), : pr2(r) —>■ pTi{r) 
is a horizontal-like map. When k = 2 and p = 1, we obtain the Henon-like maps 
[201 [12]. In order to simplify the paper, we consider only invertible horizontal- like 
maps. 

Small pertubations of an invertible horizontal map are still horizontal and 
invertible if one shrinks slightly the domain D. Therefore, it is easy to construct 
large families of such maps. 

Define := / o ■ ■ ■ o / (n times) the iterate of order n of f and /~" := 
/^^ o ■ ■ ■ o /^^ [n times) its inverse. Let J?^ (resp. J^^) denote the set of points 
z & D such that /" (resp. /~") are defined at z for every n > 0. In other words, 
we have := n„>o/^"(-D) and := n„>o/"(-D). It is easy to check that 
J(f± are closed in D] is vertical and is horizontal. We call the filled 
Julia set of f and the filled Julia set of f~^. Their boundaries are called 
Julia sets. Define also := fl This is a compact subset of D. We have 
/-i(jr+) = jr+, /(jr_) = jr_ and f^^{J(f) = see [T7]. 

• Dynamical degrees, Green currents and equilibrium measure. The 

operator f^ := (pr2|r)* ° (p^iir)* ^^ts continuously on horizontal currents. If S is 
a horizontal current or form, so is f*{S). The operator /* := (pri|r)*o(pr2|r)* ^^ts 
continuously on vertical currents. If i? is a vertical current or form, so is f*{R)- 
The continuity of /*, for non- invertible maps is treated in [18|. Recall from 
|17] the following proposition for positive closed currents of the right bidegree. 

Proposition 3.2. The operator : ^h{Dy) ^^{Dfi) is well-defined and con- 
tinuous. Moreover, there exists an integer d > 1 such that \\f^{S)\\h = d\\S\\h 
for every S G '^hiJ^v)- The operator f* : '^^{Dh) ^uiJ^v) is well-defined and 
continuous. If R belongs to ^^{Dh), we have \\f*{R)\\y = d\\R\\j;. 

The integer d is called the main dynamical degree of f. In the sequel, it is often 
denoted by d{f). Note that the previous proposition implies that d{f) = d{f~^) 
and d{f") = d^. Consider a vertical subvariety L of dimension k — p m D. 
The projection 7T2 : L —>■ N defines a (ramified) covering. If m is the degree of 
this covering, the current [L] has slice mass m. We deduce from the previous 
proposition that f'^{L) is a vertical subvariety of degree md. For m = 1, we 
obtain that d is an integer. There is an analogous picture when we push forward 
a horizontal subvariety. Note also that the projection of F onto the product of 
the first factor with the second factor M defines a (ramified) covering of degree 
d. The following results were proved in [T7] . 
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Theorem 3.3. Let f be an invertible horizontal-like map on D = M x N , d 

its main dynamical degree and J^±, the filled Julia sets as above. Let R and 
S be smooth forms in '^^{D) and ^^{D) respectively. Then d~"{f"')*{R) (resp. 
d~"'{f^)*{S)) converge to a current T+ in '^^{D) (resp. T_ in '^^{D)) which 
does not depend on R (resp. S) and A {f^)^{S) converge to the 

probability measure yU := AT_. The current T+ (resp. T_) is supported on the 
Julia set dJif^ (resp. dJ^^) and is invariant under d~^f* (resp. under d"^/^). 
The measure fi is invariant under f* , and is supported on dJ(f^ fl dJ^^. 

The current T+ (resp. T_) is the Green current associated to / (resp. f'^)- 
The measure fi is called the equilibrium measure of /. 

Theorem 3.4. With the notation of the previous theorem, the topological entropy 
of f on is equal to logd and ^ is a measure of maximal entropy logd. 

The notion of entropy will be recalled in Section [51 We now introduce the 
other dynamical degrees of /. Recall that the open sets M' d M and N' N are 
chosen so that f~\D) C M' x N and f{D) C M x N'. So, the restriction of / 
to M' X N' is also horizontal-like. For every < s < p, let 

rf+ = ds{f) := limsup <^ sup \\if"')*S\\M'xN \ , 

the supremum being taken over all positive closed horizontal currents S of bide- 
gree {k — s,k — s) on D' = M' x N' such that llSHi:)' = 1. For every < s < k —p, 
define 

dj = 4(/~^) := limsup <^ sup || (/'')*-R||mx7V' \ , 

the supremum being taken over all positive closed vertical currents R of bidegree 
{k — s,k — s) on D' = M' x N' such that ||-R||_d' = 1. In the sequel we will write 
for short 

(5+ := dp_i and (5_ := (i^_p_i. 

These are the dynamical degrees which have to be compared to d. 

Lemma 3.5. The dynamical degrees do not depend on the choice of the particular 
convex domains M' and N' . Moreover, we have c?^ = c?q = 1 and d^ = d^_p = d. 

Proof. Let M" and A^" be convex open sets such that M" m M' M, N" d 
N' N and f-\D) C M" x N, f{D) C M x N" . If in the previous defini- 
tion, we replace M' by M" and A^' by A^", we obtain 5^ and 5^ . It is enough 
to prove that = rfj" and 6^ = d~ . We prove the first equality; the second 
one is obtained in the same way. Let 5* be a horizontal positive closed cur- 
rent of bidegree {k — s,k — s) on M" x N" . Since / is horizontal-like, f^{S) 
is horizontal in M x N" and there is a constant A > independent of 5* such 
that ||/*(5')||M'xAr' < ^||>S'||M"xAf"- In particular, if S is horizontal in M' x N' 
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then we have || (/")*5'||M'xiV' < ^|| (/""^)*'S'||A/"xAr" for n > 2. If, moreover, 
ll'S'llM'xAf' = 1, then S" := /*(S') is horizontal in M" x A^" with bounded mass. 
Therefore, 

dl = hmsup <^ sup ||(/"),5'||M'xiV' f 

< hmsup <^ sup ||(/""^)*S'||M"xAf" \ 

n^Qo 1-5 ■' 

= hmsup <^ sup II (/''"^)*S"||Af"x7V" [ < 

For S horizontal in M" x A^" with ||S'||a./"xA"' = 1, define also S' := f*{S). Then 
5" is horizontal in M' x A^' with bounded mass and we have 

6j = limsup <^ sup ||(/")*S'||m"x7V" f 

< limsup <^ sup ||(/'')*S'||M/xAf' \ 

= limsup <^ sup ||(/"~^)*5"||M'xAf' \ < dj. 

This implies the first part of the lemma. 

Since /* preserves the mass of positive measures on f^^{D), we obtain that 
dp < 1. If 5* is a probability measure on ^ then {f^)*{S) is also a probability 
on J^. So, dQ = 1. We obtain in the same way that d^ = 1. 

Assume that S is of bidegree {k — p, k — p). By definition of slices, we have 
ll'S'lU ^ ||5'||Af'xAr and as we already discussed in Section [21 ||S'||Af'xAf ^ ||'5'||?i. 
So, 

d''<\\in*S\\M'.N<d-, 
which implies that d^ = d. We obtain in the same way that d^_p = d. □ 

• Action on super-functions. We reduce slightly D and assume that / is 
defined in a neighbourhood of D. Let $ be a current in PSH/i(Z}) and A the 
super-function associated to $ defined on ^J(M x A^), i.e. A(_R) := (i?, $), see 
Proposition 12.61 The following lemma is useful in our calculus. 

Lemma 3.6. The function R A((i^^/*(-R)) is the super-function associated to 
(i~^/*(<l>). In other words, we have 

(r(i?),$) = (i?, /.($)) 

for R e and $ G PSH/,(D). 
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Proof. Let A' denote the function R A{d~'^f*{R)) and A" the super-function 
associated to d~^f^{^). It is clear that A'{R) = A"{R) for R smooth. We have 
to prove this equahty for general R. 

Let ^ be the current in A x D associated to the structural disc (Rg) con- 
structed in Section [21 If F : A x f^^[D) ^ A x f{D) is the map given by 
F{9,z) := {9,f{z)), one can check that the current d~^F*{M) defines a struc- 
tural disc (R'g) with R'q = d-^f*{Re). Since A is p.s.h., A'{Re) = A{R'q) is 
subharmonic on ^ G A. The super-function A" is also subharmonic on the disc 
(Rg) and coincide with A' at Rg with 6* 7^ 1 because Rg is smooth for 9 1. 
Hence, A' and A" coincide also at Ri = R, that is, A'{R) = A"{R). □ 

• Product maps. Let fi be horizontal-like maps on Di = Mi x A^j. Define the 
product map F{xi,X2) ■= /2(x2)) on Di x D2. Up to a permutation of 
coordinates, we can identify Di x D2 to (Mi x M2) x (A^i x A^2)- One checks easily 
that F is a horizontal-like map on this domain. If di denote the main dynamical 
degree of fi, the main degree of F is did2. We can deduce from Theorem 13.31 the 
following properties. If Tj_± are the Green currents associated to f^^, the Green 
currents associated to are Ti^+(8)T2,+ and Ti^_(8)T2 _. If /ij are the equilibrium 
measures of fi, the equilibrium measure of F is /ii yU2- In what follows, we will 
use the product F of the horizontal-like maps /i := / and /2 := f~^ defined on 
D = M X N as above. In this case, we have Mi = N2 = M and M2 = A^i = A^; 
the Green currents of F and F~^ are T_ and T_ T+. We can perturb F 
in order to obtain new families of examples. 

• About the hypothesis on dynamical degrees. The hypothesis we need in 
this paper is that the main dynamical degree is larger than the other dynamical 
degrees. The following proposition shows that the family of the maps / satisfying 
this condition is open. 

Proposition 3.7. Let f be a horizontal-like map on D = M x N with the main 
dynamical degree d as above and D' := M' x N' a domain such that D' (£ D and 
that D\D' is small enough. Then every small pertubation f^ of f is a horizontal- 
like map on D' of the same main dynamical degree d. If the dynamical degree of 
order s of f is strictly smaller than d, then the dynamical degree of order s of f^ 
satisfies the same property. 

Proof. It is clear that is horizontal-like on D'. Since d can be interpreted as 
the degree of a covering, the main dynamical degree of is also d. Let df and 
dfg denote the dynamical degrees of order s of f and fe- Fix a constant 6 such 
that dt < 6 < d and a domain D" = M" x N" in D' such that D' \ D" is small 
enough. So, / and restricted to D" are horizontal-like. Consider a horizontal 
positive closed {k — s,k — s)-current S of mass 1 in D". By Lemma 13. 5[ there 
is an integer uq independent of S such that the mass of {f"'°)*S on D' is smaller 
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than (5"°/2. If uj denotes the standard Kahler form on C'^, we have since S is 
supported on D" and /"""(I^") C M" x N 

\\ir%s\\D"= [ ir%SAuj'= [ SAirr^'. 

J D" 7/-"o(D")nD" 

If fe is close enough to /, (/"°)*cj'* — {f"-°)*uj'' is a small form on /"""(Z)') fl D' 
and n D" C /"""(I)') n D'. Hence, 

< \\ir%s\\D' + [ SA [(/rr^^ - irr^']- 

J ft "°(D")nD" 

It follows that II < 5"°- The estimate is independent of S and implies 
by iteration that || (/e"')*5'||/)" < (J" for > 1 uniformly on S. Hence, d'^^ < 6 < d. 
We get a similar results for f^^ and its dynamical degrees. □ 

4 Convergence theorems 

In this section we will give several quantitative versions of Theorem 13.31 under the 
hypothesis that the main dynamical degree d is strictly larger than the degrees 
5+ := dp_i and 6- := c?fc_p_i. We will see that this hypothesis is natural and 
is satisfied for large families of maps. A similar condition was considered in the 
context of polynomial-like maps, see [13]. 

• Convergence towards the Green currents. We will use the PSH horizontal 
currents as test "forms". The above solution of the dc/^-equation allows to write 
such a test current as the sum of a PSH current with good estimates and a 
dd^-closed one. We obtain in particular the following result. 

Theorem 4.1. Let f be an invertible horizontal-like map on D = M x N and d, 
5+ its dynamical degrees as above. Assume that d > 6^. Then the Green current 
T+ off ts PC. 

We first consider the dd'^-closed test currents. The following result shows that 
in this case, without any hypothesis on the dynamical degrees, the convergence 
is exponentially fast and uniform. 

Proposition 4.2. Let be a compact family of currents in J^h{D). Then there 
are constants Aq > and Aq > 1 such that 

|(d-'^(r)*i?-T+,vl>)|<AoAo-'^ 
for all R G <^J(M' x N), ^ E and n > 0. 
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Proof. Reducing D allows to assume that R is in (M' x A^) and Jif is compact 
in J^h{M X A^')- There is a constant A' > such that | | < A' 

for all R e ^^{D), G and n > 0. This follows from Proposition 12.11 since 
{R, ^ {R, ^f) is continuous. If ^' is in '^^^(M x N'), we have and (T+, = 1 
and (ci-"(/'')*i?, = 1 for every R e By adding to ^ a multiple of 

we can assume that (T+, \E') = and we only need to prove the estimate under 
this assumption. Assume also for simplicity that A' = 1. 

Denote by A,j, the super-function A,i,(i?) := {R, \E') and L := d~^f* the linear 
operator from ^^{D) into ^J(M' x A^). Since T+ is invariant, we have A,j, o 
L"(T+) = 0. Let ^ denote the set of pluriharmonic super-functions A on '^J^(Mx 
A^) such that A(T+) = and ||A||oo < 1- Then, by Lemma ESI and the assumption 
that y4' = 1, A,j, o L" belongs to ^ for n>l and we have 

{d-^'iPYR - T+, = A* o 

So, by induction, it is enough to show that ||A o L||oo < I/Aq for A in ^ and for 
some constant Aq > 1. 

Assume that no constant Aq satisfies the above condition. Then there are 
A e ^ and R' e "^^^(M' x A^) such that |A(i?')| is as close to 1 as we want. 
Recall that as in Section [2] we can construct a structural disc r' (resp. r) such 
that r'(l) = R' (resp. r(l) = T_|_). Moreover, r'(0), r(0) are equal to a fixed 
current Rq. These discs are parametrized by a fixed neighbourhood A of [0, 1]. 
By Harnack's inequality applied to the non- vanishing harmonic function 1 — Aor' 
on A, |A(i?o)| is close to 1. Applying again the Harnack's inequality to 1 — Aor, 
we deduce that |A(T+)| is close to 1. This contradicts the definition of □ 

Proof of Theorem 14.11 Fix a constant 6 such that < 5 < rf. Consider 
a test current $ in a fixed compact set of PSH/j(D). Define Qq := dd'^^ and 

'■= (/")*^o- The currents fi„ are positive of bidegree {k — p + 1, k — p + 1) and 
by definition of 6+, we have ||f2n||M'xAr < ^^"||f^o|| with A > independent of 
By Theorem 12.71 applied to M" and M', there are negative horizontal forms 
$„ such that dd^'^n = with ||$n||M"xAr < f^""- Then, 5""$n belong to a fixed 
compact set of PSHfc(M" x A^). Define := ^ - $o and := /*($„_i) - $n 
for n > 1. We have dd'^'^n = and since f^, is continuous, 5~"\E'ri belong to some 
compact set in Jifh{M" x A^). 

Fix a current R in ^^{D). We can assume that M" is chosen so that R is 
supported on M" x A^. We have since $ = \E'o + '^'o 

(d-"(r)*i?, $) = (rf-"(r)*i?, vj/o) + {d--^\r-'rR, rf-v*(<f o)) 

+{d"'+\r-^yR, d-^^i). 
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By induction and using the identity /*($n) = ^n+i + ^n+i, we obtain 

0<i<n-l 

= Yl {d-'^^KP-'TR. d-^^,) + (i?, (1) 

0<i<n 

Now assume that R is smooth and let n ^ cxo. The estimate on ||$„|| imphes 
that the last term tends to 0. Recall that 5~"'^'n belong to a compact set in 
J^h{M"xN) and that 6 < d. On the other hand, by Theorems[331 
tends to when n — j ^ oo. Proposition 14.21 and Lebesgue's convergence 
theorem, applied to the series in the identity ([T]), imply that for $ smooth 

(r+,<f) = {T^,J2d''^j)- (2) 

i>o 

Observe that the last sum is pluriharmonic and depends continuously on $ in 
PSH/i(Z)). It follows from Proposition 12.11 that the right hand side of the last 
identity depends continuously on $. So, T+ is a PC current and the identity ([2]) 
holds for all $ in PSH,,(D). □ 

The following propositions give the speed of convergence towards the Green 
current. 



Proposition 4.3. Let f be as in Theorem 4-1 with d > Let be a compact 
family of currents in ^^{D) and Sl^ a compact family of test currents in PSH/i(_D). 
Then, there exist constants A > and A > 1 such that 

{d~''{f''yR-T+,<l>) < AX-^ 

for all R G ^ e &h and n > 0. 

Proof. Observe that when $ belongs to a compact family in PSH/j(D), 5^"$^ 
and belong to compact families in PSHft(M' x A^) and in ^(M' x A^) for 

some M' ^ M. It follows from the identities ^ and ^ that {d-"{f''')*R-T+, $) 
is equal to 

Y d-^{d--+^{f--rR-T+,^,)- E d-^{T^,^,)+d--{R,^^). 

0<j<n j>n+l 

Proposition implies that - T+, < Ao"^-'^^'. We also 

deduce from Proposition 12. II applied to M' x N instead of D, that | (T+, \I'j) | < . 
Since is negative, the last term in the previous sum is negative. This implies 
the desired estimate for 1 < A < mm{\o,d/6). □ 
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Proposition 4.4. Let f be as in Theorem \4 ■ 1\ with d > Let 0^'^ he a bounded 
family of PB currents in ^^{D) and 31^ a compact family of test currents in 
PSH/i(D). Then, there exist constants A> and A > 1 such that 



i(d-"(r)*i?-T+,<i>)i < AA~" 

for all R e ^ E 3h and n>0. 

Proof. As in Proposition l4.3l it is enough to estimate | {R, $„) | . We have | {R, | ^ 
6" since R belongs to a bounded family of PB currents in (M' x A^) for some 



Remark 4.5. In Propositions 14.31 and 14.41 the condition d > 6+ is superfious if 
the mass of d~"'{f"')^,{dd'^^) decreases to exponentially and uniformly on $ G 
when n goes to infinity. We will use this observation in the proof of Theorem 15. II 

The following result gives a strong ergodic property for the action of / on 
vertical currents. 

Theorem 4.6. Let f be an invertible horizontal-like map as above with d > 6+. 
Then d~^{f^)*R converge to uniformly on R E ^^{D). In particular, T+ is 
the unique current in ^^{D) which is invariant under d^^f*. 

Proof. Since smooth horizontal test forms are generated by the PSH ones, it is 
enough to test smooth PSH horizontal forms. Using identity ([1]) for $ smooth, 
we only have to show that d~'^{R, tend to uniformly on R. Recall that is 
negative, so d~"'{R, is negative. For simplicity, we reduce the size of D and we 
replace R by d~^f*{R). So, we can assume that / is defined in a neighbourhood 
D = MxNoiD = MxN and that R, $„ are vertical^ or horizontal on M" x N 
and M x A^" respectively. Recall that the convex sets M, M, A^ and A^ are chosen 
so that M d M (E M and N N N. We can also assume that the norm 
of f~^ on D is bounded by a constant A > 0. 

Assume by contradiction that there is an increasing sequence (nj) such that 
{Ri,^ni) < — 2c(i"' for some positive constant c > and some sequence in 
^^{M' X A^). Let {Ri^e)9€A denote the structural discs associated to Ri as in 
Section[21 Define ipi{9) := 6~''^^{Ri£, $„-) with < 6 < d. The properties of Ri£ 
and of $ri imply that belong to a compact family of subharmonic functions on 
A. It is then classical that for every compact subset A' of A there are constants 
C > and a > such that We-'^^^WmK) < C, see e.g. [2TJ. 

The currents Rt^e are obtained by smoothing of R. Using a coordinate change, 
we obtain that 



where ^mfi is a smoothing of With the notation in Section [21 we have 



M' (E M. This implies the proposition. 



□ 



{Ri,e,^n,) = {Ru^n^fi) 
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Since the family /ia,b,6» is holomorphic and /ia,6,i = id, we obtain (see also [TTf 
Lemma 2.7]) 

\\^n„e - $nJ|oo,D < |^ " 1 1 || *&nj| %rl (5) 

for 6 close to 1. On the other hand, the norm of /~" is bounded by A^, hence 
Theorem 12.71 and Remark 12.101 imply that 

Therefore, || $ni,6» — '^'nJloo.D ^ 1^ ~ ]^|y^2fcni since the mass of Ri is bounded 

|(i^„<l>„,,,-<l>„J|<|^^-l|A2'="^ 

Hence, for 6' in a disc of center 1 and of radius ~ A~'^'^'^\ we have (-Rj^e? ^n^) < 
—cd"^* and then <fi{6) < —cd"'^S~'^\ This contradicts the above uniform integra- 
bility of e"""^'. □ 

• Convergence towards the equilibrium measure. The main result in this 
section is the following property of the equilibrium measure. 

Theorem 4.7. Let f be an invertible horizontal-like map as above with d > 5^ 
and d > 6^. Then the equilibrium measure fi of f is PC. 

Proof. By Theorem SH T+, T_ are PC on D and also on D' := M' x N' . If 
ip is a p.s.h. function on D, ip is locally integrable with respect to the trace 
measure T_ /\uj'p of T_. Hence, ipT_ defines a PSH horizontal current. Moreover, 
the fact that T_ is PC implies that tp i— *• ipT_ is continuous on (yj G PSH(D) 
with values in PSH/i(D). Indeed, if B is a smooth vertical (p, p)-form, then 
if ^— s> (6, ^TJ) is continuous, since it is upper semi-continuous when 6 is positive 
and is continuous when 6 is positive closed. Using the PC property of and 
the identity (/i, v^) = {T+,ipT_), see Remark 12.41 we obtain that {fi,ip) depends 
continuously on ip. Therefore, fi is PC. □ 

We can now prove estimates on the speed of convergence towards the equilib- 
rium measure. 

Proposition 4.8. Let f be as in Theorem \4. 7| with d > 6+ and d > 6-. Let 

(resp. S^h) be a compact family of currents in ^^{D) (resp. in 'io^{D)). Then, 
there exist constants A > and A > 1 such that 

{d~'-ifyRAif^%S-fi,^)<AX-- 

for all R G ^y, S G ^ p.s.h. on D with \ip\ < 1 and n > 0. 
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Proof. Since /i = r+ A r_, we can write {d A (/")*5' - /x, ip) as the sum 

of the following two integrals 

(c/-2"(/")*i? A (D^s - c/""(r)*i? A r_, = (c/-"(/"),s - r_, ifd-'^iryR) 

and 

(d-"(r)*i? A T_ - T+ A T_, ^) = - T+, ^T_). 

Since is in a compact family in ^^^(D), d~^{f^)*R belong also to a compact 
family in '^^{D) independent of n > 0. Indeed, their supports are controlled. 
Hence, for \(f\ < 1, (pd~^{f^)*R belong to a compact family in PSH^(Z)). By 
Proposition 14.31 applied to f~^, the first integral is < A^" for some A > 1. Since 
ipT_ belongs to a compact family in PSH/i(D), the second integral is also < A""" 
for some A > 1. The proposition follows. □ 

Proposition 4.9. Let f be as in Theorem \4-'T\ with d > 5+ and d > 6^. Let 

(resp. S^h) he a hounded jamily of PB currents in 'ia^{D) (resp. in ^^{D)). 
Then, there exist constants A > and A > 1 such that 

I A (/" - /i, y.) I < AA-" 

for all R G S G J3^h, f P-S.h. on D with \ip\ < 1 and n > 0. 

Proof. We proceed as in the proof of Proposition 14. Sl using Proposition 14. 41 instead 
of Proposition 14.31 □ 



5 Properties of the equilibrium measure 

In this section, we prove two important properties of the equilibrium measure for 
horizontal- like maps with large main dynamical degree. 

• Decay of correlations. It was proved in ^17] that the equilibrium measure 
is mixing for a general invertible horizontal-like map. Under our hypothesis on 
dynamical degrees, we have the following result. 

Theorem 5.1. Let f he an invertihle horizontal-like map as ahove with d > 5+ 
and d > 6-. Then the equilihrium measure ^ of f is exponentially mixing. More 
precisely, for all test functions (f) of class and ip of class on D with < 
a, /3 < 2, the following estimate holds 

where A^^p > is a constant independent of (p, ip, n and X > 1 is a constant 
independent of a, [3, (p, ip, n. 
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Recall that the measure /x is mixing means that the left hand side of the 
above inequality tends to when n goes to infinity. It follows from the theory of 
interpolation between Banach spaces [36] that the previous inequality for general 
a, [3 is deduced from the case where a = (3 = 2, see for details. In the case 
of Henon-like maps, i.e. /c = 2, we have 5+ = 5_ = 1. So, the hypothesis in the 
previous theorem is automatically satisfied and we obtain the following corollary. 

Corollary 5.2. Let f he a Henon-like map. Then the equilibrium measure of f 
is exponentially mixing. 

Proof of Theorem 15.11 We only have to consider the case where a = (3 = 2. 
Define 

Observe that since In+i{(p,ip) = In{4> ° /; V")? it is enough to consider the case 
where n is even. Note also that since /i is invariant, /n(0, ip) = when or t/^ is 
constant. 

Near supp(/i) we can write (p and as differences of functions which are 
strictly p.s.h. on a neighbourhood of D. So, we can assume that dd'^(f) > dd'^\\z\\'^, 
dd'^if) > dd'^\\z\\'^ and that 0, have norms bounded by a fixed constant. This 
allows to fix a constant A > large enough such that {(f){z) + A){'ip{z') + A) and 
{—(j){z) + A){tp{z') — A) are p.s.h. on {z, z') in D^. We have to bound from above 

/2n(0,^) = I2n{(p + A,tlj + A) 

and 

We will consider the first quantity, the proof for the second one is similar. For 
that purpose, we will apply Proposition 14.31 and Remark 14.51 to the product F of 
the horizontal-like maps / and defined in Section [31 

Define Lp{z, z') := (0(2;) + A){tjj{z') + A). Let A denote the diagonal of D x D 
and [A] the current of integration on A. We have since /i is invariant 

/2„(0 + A,ij + A) = {fi, (0 o /" + A){ij of-^ + A))- (/i, + + A). 

Lifting these integrals to D x D and using the identity 

d-^F*{T+ ®T_) = d^F,{T+ ®T_) = T+®T_, 

we obtain that /2n(0 + A.ip + A) is equal to 

((T+®r_)A[A],y.oF")-(/i®/i,y.) 
= ((T+ ® T_) A rf-2"(F")4A], ^) - ((T+ A T_) ® (T+ A T_), ^) 
= ((T+ ® T_) A d-^'-{r^),[Al ^) - ((T+ ® T_) A (T_ ® T+), ^) 
= (rf-2"(F"),[A] -T_®r+,(/.(T+®r_)). 
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The current [A] is not horizontal but -F*[A] is horizontal So, we can apply 
Proposition 14.31 and Remark 14.51 for F~^. 

For Remark 14.51 we need to show that the mass of 

decreases exponentially (we reduce the size of D if necessary) . We have 

\\d(f{ipoF'')^{T+®T^)\\D2 = [ {dd''\\zf+dd''\\z'f)''~\dd^{ifioF'')A{T+0T,). 

In the last wedge-product, T+ depends only on z and T_ depends only on z'. 
Then we expand 

dd%^ o F") = dd%<p{nz)) + Amniz')) + a)] . 

In this product, the terms containing mixed derivatives 

rf0(r(z)) A d^iPif-^iz')) and rf^0(r(^)) A d^if'^iz')) 

vanish when wedged with + ^ A (T+ ® T_) by bidegree con- 

sideration. This, combined with the fact that (p and ip ^ire bounded, implies 
that 

\\dd%<f o F") A (r+ ® T^)\\d2 < \\dd%<P o /") A T^D + \\dd%^ o /-") A r_ 
We have 

dd^icl) o /") A T+ = d-"(r)*(drf"0 A T+) 

and 

dd^i^j o /-") A T_ = d-^'iD.idd^ij A T_). 

Since (i > 5+ and d > 6^, the masses of these currents decrease exponentially. 
This completes the proof. □ 

Remark 5.3. We can prove the converse of Theorem 14.11 if the current T+ of f 
is PB then d> 5j^. This will allow to prove that F satisfies also the hypothesis on 
dynamical degrees ii d > 5+ and (i > 5_, hence we can apply directly Proposition 
14.31 However, the proof requires a long development on the notion of super- 
functions introduced in Section [2l and we prefer to avoid it here, see also [19] . 

• Lyapounov exponents. We will show that when the main dynamical degree 
of / is larger than the other ones, the measure is hyperbolic: it admits p strictly 
positive and k—p strictly negative Lyapounov exponents. We follow the approach 
by de Thelin 

Recall that the measure /x is mixing and is supported on the filled Julia set 
■J^ := n Jt-^ which is compact in D, see [17] . Using the theory of Oseledec- 
Pesin |32j, we can decompose the tangent space of C'^ at /i-almost every point x 
into a direct sum of vector subspaces = (B^iEi^^ with the following properties: 



25 



- The integer m and the dimension of each Ei^^ do not depend on x. 

- The decomposition = ©™i-Ei,x is unique and depends in a measurable 
way on x. 

- The vector bundle Ei^^ is invariant under /, that is, the differential Df of 
/ defines an isomorphism between Ei^^ and Eiji^r^). 

- The decomposition = ©™ has a tempered distortion. More precisely, 
if / and J are disjoint subsets of {!,... define Ej^^^ '■= ®i£iEi^x and 
Ej^x ■= ®i(ijEi^x- Then, the angle Z(E/jn(^), Ejjn(2,)) between -E/jn(^) and 
Ejj"(x) satisfies 

^hrn^ ^ log sin Z [Ejjr^^x), = 0. 

- There are distinct real numbers Aj independent of x such that 

Inn ^log " = ±A, 

n->±oo \n\ \\V\\ 

uniformly on v in Ei^x \ {0}. 

The constants Aj are the Lyapounov exponents of fi. The multiplicity of Aj is the 
dimension of Ei^x- So, /i admits k Lyapounov exponents counted with multiplic- 
ities The Lyapounov exponents of /" are nAj even for n negative. When there 
is no zero Lyapounov exponent, fi is said to be hyperbolic. 

Theorem 5.4. Let f be an invertible horizontal-like map as above with dynamical 
degrees d, df and d~ . Define 6+ := max5<p_i c/+ and 5_ := ma.Xs<k-p-i d~ . If 
5+ < d, then fi admits p strictly positive Lyapounov exponents larger than or 
equal to ^\og{d/6+). If < d, then /i admits k — p strictly negative ones which 
are smaller than or equal to —^\og{d/5-). 

We prove the first assertion. The second one is treated in the same way 
using f~^ instead of /. We will need the following lemmas where uj^ denotes 
the restriction to M" x N of the standard Kahler form a; on C'^. Define d'f := 
maXs<g (i+ for < g < p — 1. 

Lemma 5.5. Let 6 be a constant strictly larger than d'f . Then there exists a 
constant C > such that for all positive closed current S of bidegree {k — q,k — q) 
supported on M x N' we have 



for all integers rii > ■ ■ ■ > Ug > 0. 



^if / is considered as a real map, the multiplicity of is 2 dim Ei^^ and /i has 2k Lyapounov 
exponents; this is the reason for the coefficients ^ in Theorem 15.41 
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Proof. We prove the lemma by induction on q. Clearly, the lemma is valid for 
g = 0. Suppose it holds for the rank q — I. This, applied to / restricted to 
:= M' X N and to S' := A lu, implies that 

[ S' A A ... A < 

By definition of df, there is a constant c > such that 

\\S'\\D. = \\{r).S\\o.<c6-^\\S\\D. 

Consequently, 

[ S' A A ... A < C5"i \\S\\d. 

for some constant C > 0. The left hand side of the last inequality is equal to 

/ SA{rrco,,A...Ainyu;,. 

This implies the lemma for rank q. Note that the last integral does not change if 
we replace by D since {f^''')*ujv is supported on /""'(D^,). □ 

Let r„ denote the graph of (/,... , /"), i.e. the set of points (x, /(x), . . . , /""(x)) 
in We will use the standard Kahler metric uin in 1)"+^ c C'^^"+^^. If 11^, 

with < j < n, denote the projections from D""*"^ onto its factors D, we have 
ujn = Sn*(ci;). Let Hj denote the restriction of Uj to r„ and vol„(S') the mass 
of n*{S) on no<,<„7r7i(M" x N). 

Lemma 5.6. Let 6 be a constant strictly larger than . Then there exists a 
constant C > such that for all positive closed current S of bidegree {k — q, k — q) 
supported on M x N' we have vol„(S') < C5'"||S'||z). 

Proof. Observe that f^ can be identified with vTj o n^^. This allows to write 
vol„(S') as the following sum of [n + 1)'' integrals 

vol„(5) = (7r*(5),(^7r;K))')= [ SA{f-r^.A...A{f''-r^v. 

0<nj<n 

Lemma [5.51 applied to a constant 5' > d^ implies that vol„(S') < C"n'^5'"||S'|| for 
some constant C > 0. We obtain the result by choosing a 6' smaller than 6. □ 

A subset A of D is said to be {n,e)- separated if f^ is defined on A with 
f-^{A) C D" := M" X N" for < j < n and for every distinct points a, b in 
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A the distance between f^{a) and f-'ib) is larger than e for at least one j with 
< J < Ti. Define for a subset X of D the topological entropy of / on X by 

:= suplimsup — logmax#|A C X, A (ra, e)-separated}. 

e>0 71— >oo ri 

We have the following version of the Gromov's inequality, see also [2^ [TH 

Proposition 5.7. Let 6 be a constant strictly larger than with q < p — 1. Let 
X be a horizontal subvariety of dimension q of D. Then for every e > there is 
a constant > such that every {n,e) -separated subset in X contains at most 
C^5^ points. In particular, we have hx{f ) < log(i+. 

Proof. We can choose N' such that X is contained in M x N'. We can also 
assume that e is small enough. So, X defines a horizontal positive closed current 
[X] of bidegree {k — q,k — q). Lemma [5.61 applied to M' instead of M", implies 
that the volume of 7rQ""'^(X) in r\o<j<n'rcJ^{M' x N) is smaller than for some 
constant C > 0. 

Consider an {n, e)-separated subset A oi X. For every a in A denote by Ba 
the ball of center (a, /(a), . . . , f"'{a)) and of diameter e in Since A is {n, e)- 

separated, these balls are disjoint. Since e is small and the center of Ba is in 
no<j<n7r~^(-D"), these balls are contained in no<j<n7r~^(M' x X). It follows that 
the total volume of Ba H 71q^{X) is bounded by C5". On the other hand, an 
inequality of Lelong p50j says that the volume of Ba fl 7rQ'^(X) is bounded from 
below by a constant depending only on e. Hence, the number of the balls Ba is 
< 5". This implies that j^A < 5" and completes the proof. □ 

Recall that it is proved in p/7j that n is of maximal entropy log d. This also 
holds for f~^ since the main dynamical degree of f~^ is also equal to d. Let 
B_n{x,e) denote the Bowen {—n,e)-ball with center x, i.e. the set of the points 
y such that f~^{y) is defined and \\f~-'{y) — /~-'(a;)|| < e for < j < n. The 
entropy h{fi) for f~^ can be obtained by the following Brin-Katok formula [0] 

:= sup lim inf log fi{B^nix, e)) 

for /i-almost every x. So, for every ^ > 0, there are positive constants C, e and a 
Borel set Sq with /i(So) > 3/4 such that /i(5_„(s, 6e)) < C'e-"(i°g°'-^) for x G Sq 
and n > 0. 

Proof of Theorem 15.41 Assume in order to reach a contradiction that /i admits 
at least k — p + 1 Lyapounov exponents strictly smaller than ^ log{d/5+). Let 
q < p — 1 be an integer and A < ^\og{d/6+) a positive constant such that 
/i admits exactly k — q Lyapounov exponents strictly smaller than A and the 
other ones are larger than or equal to ^\og{d/6+). We are going to construct 
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a complex subspace F of dimension g, contradicting the estimate in Proposition 
\5.7\ i.e. with too many (n, e)-separated points. 

Fix a positive constant 9 such that ^ A and 9 <^ ^log((i/5+) — A. By 
Oseledec-Pesin theory (replacing / by an iterate and 9, A, d, 5+ by n9, nX, 
d"', 5" if necessary), we can assume that there is a decomposition = ® 
for /i almost every x with the following properties: 

- Ex and F^ are vector spaces of dimension k — q and q respectively. 

- The vector bundles E^ and F^ are /-invariant. 

- There is a Borel set S C with > 1/2 and a constant > such 
that 

||/^r'(t;)|| >e-'||t;||, \\Dr\u)\\<e-^-'''\\ul > r/e"' 

for f G -Ea-, "U G -F^., x G S and n > 0. 

We now identify each with C'^ and consider x as the origin. Fix coordinate 
systems on E^ and F^ so that the associated distances coincide with the distances 
induced by the standard metric on C'^. On = E^ ® F^ we use the coordinate 
system induced by the fixed coordinates on E^ and F^. We call it dynamical 
coordinate system. Note that the angle between E^ and F^,, with respect to the 
standard coordinates, might be small and in this case there is a big distorsion of 
the dynamical coordinates with respect to the standard ones. 

Fix a positive constant c small enough, c <^ rj and c <^ e where e is the 
constant associated to 9 as above. Let Bx_„ denote the (small) ball of radius 
^g-n(A+7e) q£ center := f~^{x) in -Ex_„- We are interested in graphs in 
Tx_„ = Ex_„ © of holomorphic maps over B^^^. 

Claim 1. For every x G S there are holomorphic maps hn '■ Bx_„ Ex_„ with 
graph V^_^ such that /i„(0) = 0, ||-D/in|| < e~^"^ and f sends into 

The proof of this claim is by induction. For = 0, it is enough to choose 
Hq = 0. We will obtain Vx_„ as an open set in /~^(V^_„+J. Consider the map 
on a small neighbourhood of X-n+i with image in a neighbourhood of x_„. 
In dynamical coordinates for T^_„+i and Tx_^ we can write 

f-\z) = l{z) + r{z) with / = {I', I") and r = (r', r") 

where l{z) is the linear part of /, i.e. the differential Df~^ at and r{z) is 

the rest which is of order > 2 with respect to z. 

We have /' : ^ and /" : We also have \\l\z')\\ > 

e^^Wz'W for z' G E^.„„+, and \\l"{z")\\ < e-^^+'^^^\\z"\\ for z" G F^_„+i. In the 
standard coordinates, the derivatives of f'^ are bounded. Taking into account the 
distortions of dynamical coordinates, we have ||Dr(z)|| < Ae^"^||2|| with A > 



29 



independent of c,n,9. Now, consider two points z = {z',z") and w = {w',w") 
in Et (B Fr which are contained in Vr , , . So, Ibll and ||w|| are smaller 

■f^ — n + l^ — n + l ■'-' — n + 1 "Mil II II 

than 2ce-("-^)(^+^^). Write z := = f-^{z) and w := {w',w") = f-\w). 

We deduce from the estimates on Dr and Dhn-i that 

\\z'-w'\\ > ||/'(^') - Ik'(^) -^'HII 

> e-%' - w'W - 2Ae6"^ce"("-i)(^+^'')||^ - w\\ 

> e-^\\z' -w'\\-4Ae''^'ce-^^^~'^^^+'''>\\z' -w'\\. 

Hence, — w'\\ > e^'-'^^^'' — w'\\ since c, 9 are small and ^ A. It follows 
that /~^(Kc_^^J is a graph of a holomorphic map hn over an open set B of Ex_^. 
The last estimate for w' = implies that B contains the ball Bx_„- 
On the other hand, we have 

- w"\\ < \\r\z") - l'\w")\\ + \\r'\z) - r'\w)\\ 

< e-(^+^^) \\z" - w"\\ + 2Ae6"^ce-("-i)(^+^^) \\z - w\\ 

Therefore, \\z" — w"\\ < e~'^"'^\\z' — w'\\ since 6 X and c is small. It follows that 
||-D/i„|| < e"'^"^ and this finishes the proof of the claim. 

Note that all the constructed graphs are small and contained in a small neigh- 
bourhood ^ of the filled Julia set J(^. We now come back to the standard metric 
on C'^. Let denote the orthogonal of E^. We use coordinate systems on 
which induce the standard metric. Let BL denote the ball of center and of 

•^ — n 

radius c'e~"'''^"'"^°^^ in Ex_„ with c' > small enough. We claim that Vx_^ contains 
some fiat graph V^_^. 

Claim 2. For every x G S, V^_^ contains the graph of a holomorphic map 
h':B' ^ FL such that h'jO) = and \\Dh'\\ < e-'^'i 

It JLi — 7^ JLi — 7^ 1 1 \ / II /til 

With the considered coordinates on Fx_„ and F^_^, denote by r : E^_^Q) 

Fx-n Ex-n®^x^„ the linear map of coordinate change. Since the angle between 
Ex_„ and -Fx_„ is larger than ?7e~"^, we can write r = (r', r") with ||t'(2;) — z'\\ < 
e'^^llz"!! and ||r"(z)|| < \\z"\\ for z = {z',z") in E^_^ © F^_^. Claim 2 is proved 
using analogous estimates as in Claim 1 where we replace by r. We will not 
give the details here. 

We continue the proof of Theorem 15. 4[ Let A be a subset of S fl Sq such 
that the balls i?_„(a;, 3e) with centers x E A are disjoint. We choose A maximal 
satisfying this property. So, the balls B^n{x, 6e) with centers x E A cover S fl Eq. 
Since n Sq) > 1/4 and 6e)) < C'e-"(i°g°'-^), A contains at least 

(4C)~^e"^'°s^~^'' points. Consider the graphs V^^^ and V^_ constructed above 
for X E A. Since the balls B_n{x,3e) are disjoint, the set of are (ra, 3e)- 
separated. Claim 1 implies that the diameter of V^_,j is smaller than e. So, if we 
replace each X-n by a point in Vx_„ the resulting set is always (n, e)-separated. 
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Let n be an orthogonal projection of C'^ = x C'^^^ onto a subspace E 
of dimension k — q. If £" is a product of a subspace of with C'^"^, then 
the fibers of 11 which are close enough to J(f (in particular the fibers which 
intersect ^) are horizontal in D. This property holds for the projection on any 
small perturbation of E. So, we can choose a finite number of projections IIi, 
. . ., IItv on El, . . ., En satisfying this property, and a constant 9q > such 
that any subspace F of dimension q in C'^ has an angle > 6q with at least 
one of Ei. We deduce from Claim 2 that for each of the considered graphs 
V^_^^, the volume of nj(V^'_ J is > c"e~^"('^~''^*^'^"'"^°^^ for at least one projection 
Ilj with a fixed constant c" > 0. Choose an i such that this property holds 
for at least N'^ifA graphs V;'_^. Since #A > (4C)-ie"('°s'^-^), the sum of the 
volumes of Ili{V^^„) is > e"(i°g'^-^)-2"('^-'?)(^+ioe). Hence, there is a fiber F of 
which intersects > eMiosd-e)~2nik~q)ix+ioe) gj-^phg follows that F contains 

an (n, e)-separated subset of > e"(i°s'^-^)-2"(^-9)(^+ioe) > e"(i°s^++^) points since 
9 ^ ^log((i/5+) — A. This contradicts Proposition 15. 71 for X = F since 5+ > d^, 
and finishes the proof of Theorem 15.41 □ 

Remark 5.8. The above bound ^ log((i/5_|_) can be replaced by the infimum of 
the numbers 2{k-q) ^'^sid/d^) for g < p — 1. 

Remark 5.9. The fact that we are in the holomorphic setting is used only in 
Proposition 15. 71 in order to get an estimate on the topological entropy on analytic 
manifolds of dimension q. The result still holds for real horizontal- like maps 
(i.e. non-uniformly hyperbolic horshoes) with an ergodic invariant measure with 
compact support. We only need that the entropy of the measure is strictly larger 
than the entropy on vertical subspaces of dimension < k — p — 1 and horizontal 
manifolds of dimension < p — 1, see also Newhouse, Buzzi and de Thelin [STl [5]. 

6 Examples and open problems 

Consider a polynomial automorphism / of C'^. We extend / to a birational 
map on the projective space P'^. Let /+ and /_ denote the indeterminacy sets 
of / and f~^. They are in the hyperplane at infinity L^o := P'^ \ C'^ and we 
assume that they are non-empty. When J+ and /_ have empty intersection, / 
is said to be regular. This class of automorphisms was introduced and studied 
in [35]. In dimension k = 2, they are the Henon type maps and any polynomial 
automorphism of positive entropy is conjugated to a regular automorphism. 

There is an integer p such that dim = k — p — 1 and dim I_ = p — 1. If (i+ 
and d- denote the algebraic degrees of / and /"^, we have = d^S^ ■ At infinity 
we have /(Loo \ 1+) = I- and /~^(Loo \ /-) = /+. Define the filled Julia sets by 

jr+ := {z G C^ (r(z))n>o bounded in C^} 
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and 

jr_ := {z E C^ (/-"(2))„>o bounded in C^}. 

These sets are invariant under f~^, f and satisfy = J^U/+, J^- = J^^UI^. 
One associates to / and the following functions, called Green functions 

G+{z) := lim ciT'^log+ \\r{z)\\ and G-{z) := lim c/:"log+ 

n— >oo n— >oo 

where log"*" := max(log, 0). These functions are continuous p.s.h. on C'^. It 
follows from [151 Proposition 2.4] that G~^ and G~ are Holder continuous. They 
satisfy G~^ ° f = d+G^ and G~ o = d-G~ . It is shown in [1^ that the Green 
currents 

T+ := {dd^'G+Y and T. := {dd^'G-f^'^ 

are, up to a multiplicative constant, the unique positive closed currents of bide- 
grees (p, p) and {k ~ p, k — p) with support in J^-^ and respectively. These 
currents are invariant: f*{Tj^) = d^T^ and f*{TJ) = d^S^T^. Note that to prove 
the uniqueness we do not assume invariance. 

The family of regular automorphisms is large but for simplicity we restrict to 
the case where the indeterminacy sets /+ and /_ are linear. In what follows, we 
assume that 

Ij^ = {zq = zi = ■ ■ ■ = Zp = and /_ = {^o = z^+i = ■ ■ ■ = ^fc = 0} 

where [zq : ■ ■ ■ : Zk] denotes the homogeneous coordinates of P'^, C'^ is identified to 
the chart {zq = 1} and the hyperplane at infinity L^o is given by the equation zq = 
0. The following proposition allows to apply the results in the previous sections 
to the small (possibly transcendental) pertubations of / and proves Corollary ll.2[ 

Proposition 6.1. Let f be a regular polynomial automorphism of C'' as above. 
Let Bf denote the ball of center and of radius R in . Then, if R is large 
enough, any holomorphic map f^ on x B^_p, close enough to f , is horizontal- 
like with the main dynamical degree d = d^ = d^S^ ■ Moreover, d is strictly larger 
than the other dynamical degrees associated to f^ and f~^. 

Proof. By Proposition 13.71 it is enough to check that / restricted to B^ x 

is a horizontal-like map of main dynamical degree d which is strictly larger than 

the other dynamical degrees. Write, using the coordinates (2:1, ... , z^) of C'^ 

/ = (/',/") with /' = (/!,...,/,) and /" = (/,+!,...,/,). 

Since /(Loo \ 1+) = the equation of /_ imphes that the components of /" 
have degree < d^ — 1 and the components of /' have degree d+. Moreover, if 
fj~ denotes the homogeneous part of degree c?+ of fj, the equation of /+ implies 
that fi=--- = fp=0 only when Zi = ■ ■ ■ = Zp = 0. The restriction of / to 
defines an endomorphism of algebraic degree d+. 
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Since R is large, it follows that > R for z in the vertical boundary of 

X B^_,p. Hence, f~^{B^ x B^_^ does not intersect the vertical boundary of 
Bp X B^_p. In the same way, we show that f{Bp x B^_p) does not intersect the 
horizontal boundary of B^ x -B^_p. This proves that / restricted to B^ x -B^_p is 
horizontal- like. In order to avoid confusion, let us denote by / the horizontal-like 
map on D := B^ x B§_p associated to /. 

Since = U /+, the equation of /+ implies that Jif^^ restricted to D is 
vertical. The restriction of to D is vertical and invariant under j . So, 
the main dynamical degree of / is equal to d. It remains to check that the other 
dynamical degrees are strictly smaller than d. 

Fix an a > small enough so that / {D) C 5^-2° X B^_p and j{D) C 
X S^Jp". So 7 is horizontal-like on D' := 5^"° x B^Zp and on D" := 
Bp^'^" X B^Zp'^ ■ Consider the family of horizontal positive closed currents of 
bidegree {k — s,k — s) and of mass 1 in D" with s < p — 1. We will show that 
the mass of (/ )*S' on D" for S G J3h, is of order 0((i^). This implies that the 
dynamical degree df of / is < rf^ and then is strictly smaller than d. The proof 

is analogous for the degrees d~ associated to / \ 

Observe that S' := f^:{S) is horizontal in D' and has bounded mass. Let 
tups '■= dd'^H, with H := log(l + be the Fubini-Study form on P*^. Since 

the standard Kahler form on and cups are comparable in compact sets of C'^, 
it is enough to estimate the mass of cjpg A (/ on D". We have 

/ A (T)*S = f ir-'Yu^k A 5' < / ir-'Yu^k A S' (3) 

JD" J f (D") J D' 

since T''^\d") C fi^^^" x 5^.^ and supp(5') C 5^ x Bj^Z^. It was shown in 
[35] that dl,!"' log"^ converge locally uniformly to G+. We deduce easily 

that d^^H o /" converge also locally uniformly to G^. It follows from the theory 
of intersection of currents, see [3, |23] that the family of currents 

d;^"(D*cu^s AS = d-'^'idd^H o A S 

is relatively compact. Hence, the integrals in ([3]) are < c?^ and the mass of (/")*S' 
on D" is < (ij^. This completes the proof. □ 

Remark 6.2. The restriction of J^, J^, T+ and T_ to D = Bp x coincide 
with the filled Julia sets and the Green currents constructed for /. Note that in 
the context of horizontal-like maps, T+ is not the unique positive closed {p,p)- 
current with support in J?^. For the horseshoes, this current can be decomposed 
into currents of integration on vertical sub manifolds of D. 

Many questions have to be considered in the context of horizontal-like maps 
even when we assume that the condition on the dynamical degrees is satisfied. 
We refer to the paper by Dujardin [20] for the case of dimension 2, see also [2|[T2]. 
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Question 6.3. Let / be an invertible horizontal-like map as above. Is the se- 
quence {df)o<s<p of dynamical degrees of / increasing? 

Question 6.4. Let / be an invertible horizontal-like map as above. Is the Green 
current r+ laminar? More precisely, is it decomposable into currents of integra- 
tion on complex manifolds, not necessarily closed, in D7 

We refer to [TOl E] for recent results on laminar currents in higher dimension. 
The following problems are also open for regular polynomial automorphisms. 

Question 6.5. Is the equilibrium measure /i the intersection in the geometrical 
sense of T+ and T_? More precisely, is it possible to decompose T+ and T_ into 
currents of integration on complex manifolds and to obtain /j, as an average on 
the intersections of such manifolds? 

Question 6.6. Are saddle periodic points equidistributed with respect to /i? It 
is not difficult to show that there are d"^ periodic points of period n counted with 
multiphcities. 

Question 6.7. Is the Hausdorff dimension of fi positive? Is there a relation 
between this dimension and the Lyapounov exponents of /i? 

In the case of regular polynomial automorphisms, since ^ = {dd'^G^Y A 
{dd'^G~)''~^ and G~^, G~ are Holder continuous, /i gives no mass to sets of small 
Hausdorff dimension, see e.g. [351 Theoreme 1.7.3]. 

We refer to Dupont [21], Ledrappier- Young [29] and the references therein for 
analogous problems in other contexts. 

The dependence of Lyapounov exponents on the map can be studied following 
the works by Bassanelli-Berteloot [1] and Pham [33]. 
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